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It is demonstrated that the processing of experimental results by the 
method of least squares should be accomplished in various cases by 
minimizing the sum of the squares of the relative deviations in the 
estimates of the regression coefficients, rather than those of the ab- 
solute deviations, as is usually the case. 

In p r o c e s s i n g  e x p e r i m e n t a l  r e s u l t s  we f r e q u e n t l y  
u s e  the  m e t h o d  of l e a s t  s q u a r e s  to s m o o t h  the  e x p e r -  
imen t a l  data ,  to d e t e r m i n e  the  r e l a t i o n s h i p  b e t w e e n  a 
e e r t a i n  m e a s u r e d  quant i ty  and a n o t h e r ,  e tc .  Th is  m e t h -  
od is a s p e c i a l  e a s e  of the  m e t h o d  of m a x i m u m  p r o b -  
ab i l i ty ,  * p r o v i d e d  the  o b s e r v a t i o n s  a r e  d i s t r i b u t e d  in 
n o r m a l  f a sh ion  [1]. 

H e r e ,  ff i t  is only  the dependen t  v a r i a b l e s  Yix tha t  
a r e  sub j ec t  to r a n d o m  m e a s u r e m e n t  e r r o r s ,  and if 
Yi~ a r e  not  c o r r e l a t e d ,  the  p r o b l e m  of f ind ing  the  
equa t ion  of the  c u r v e  whieh  b e s t  r e p r e s e n t s  the  e x -  
p e r i m e n t a l  data  fo r  yix(xi)  (the r e g r e s s i o n  e u r v e )  r e -  
duces  to a m i n i m i z a t i o n  of the  q u a d r a t i c  f o r m  

n 

M =  ~ W  i [ y i -  ~ a~.Pl~(xi)] '~ (1) 
i = I  k = l  

with  r e s p e c t  to the  e s t i m a t e s  of a k fo r  the  c o e f f i c i e n t  

of r e g r e s s i o n  a k. 
We a s s u m e  tha t  the  t h e o r e t i c a l  r e l a t i o n s h i p  y = ~(x) 

can  be  expanded  into a s y s t e m  of l i n e a r  independen t  
func t ions  Pk(x) and that  i t  is we l l  a p p r o x i m a t e d  by a 
s u m  of no m o r e  than m < n func t ions  Pk(X) o v e r  the  
e n t i r e  x i n t e r v a l :  

~1 (x) = i ak P~ (x), 
k = !  

M con ta ins  the  s c a t t e r i n g  of the  o b s e r v a t i o n s  about  

the e m p i r i c a l  c u r v e  q (x) = ~ '  a k P~ (x), which  is  an 

e s t i m a t e  fo r  the  t h e o r e t i c a l  c u r v e  r e d u c e d  to m t e r m s .  
M i n i m i z a t i o n  of (1) wi th  r e s p e c t  to a k l e ads  to a 

s y s t e m  of l i n e a r  equa t ions  f o r  a k 

~ G ~ k ,  a~, ~ Yk, (2) 
k ' - - I  

w h e r e  

and 

G~k" = ~__. Pk (xi) o~i Pk" (xi), (3) 
i = 1  

n 

Y~ = ~ P~ (xi) o~ yf  (4) 
i = [  

*We wi l l  u s e  the  t e r m i n o l o g y  adopted  in [1]. 

The  so lu t ion  f o r  s y s t e m  (2) has  the  f o r m  

ak = ~ G~!Y~,, (5) 

w h e r e  G -1 is  the  i n v e r s e  m a t r i x  of the  c o e f f i c i e n t s  fo r  
the  s y s t e m  s a t i s f y i n g  the equa t ion  

i G-  1 Gk~. k.t =6kz (6~k= 1, 6 k l = 0 w h e n k ~ l ) .  

If the o r thogona l  p o l y n o m i a l s  Kk(X) a r e  t aken  as  

Pk(X) so tha t  

~kk" = s t(~ (x~)~ Kk, (x~) = 6kk' , 
i = 1  

then  

ak = ~ Kk (xi) o~i Yi. (6) 
i = l  

F o r  the  e s t i m a t e s  of the  v a r i a n c e  of the r e g r e s s i o n  
c o e f f i c i e n t s  we can  u s e  the  c o r r e s p o n d i n g  d iagonal  

e l e m e n t s  a~k of the  m a t r i x  

2 Okk' = s ~ G~!, 

w h e r e  

M 
s ~ = - -  (7) 

/ l . - - / 7 /  " 

F o r  the  e s t i m a t e s  of a k to be  e f f ec t i ve ,  we have  to 
c h o o s e  m so tha t  (7) is m i n i m u m  [1]: 

s ~ (m) = rain. 

The  r e s u l t s  {from the  p r o c e s s i n g  of the  e x p e r i m e n -  
ta l  data) and the  p o s s i b i l i t y  of i n t e r p r e t i n g  t h e s e  da ta  
depend  s i g n i f i c a n t l y  on the  we igh t s  a s c r i b e d  to the  in -  
d iv idua l  m e a s u r e m e n t s .  

The  weigh t  of the  m e a s u r e m e n t  can  be  e v a l u a t e d  on 
the  b a s i s  of the  o b s e r v a t i o n a l  da ta  f o r  the  i - t h  g roup  
f r o m  the  m e a n ,  and i t  is a func t ion  of x. 

If h i is a m e a s u r e  of the  a c c u r a c y  found in the  i - t h  
group of m e a s u r e m e n t s ,  then  w i ~ h 2 and h i ~ 1/&y i,  
w h e r e  Ay i is the a b s o l u t e  m e a s u r e m e n t  e r r o r ,  and the  
l a s t  r a t i o  i s  s a t i s f i e d  if hYi i~ u n d e r s t o o d  to be  the 
p r o b a b l e ,  the  m e a n ,  the m e a n  s q u a r e ,  o r  s o m e  o t h e r  
c h a r a c t e r i s t i c  e r r o r  [8]. 

The  abso lu t e  e r r o r  Ay i can  be  e x p r e s s e d  in t e r m s  

of the r e l a t i v e  ~i as  Ay i = ~0iYi, so  tha t  

1 
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where  ~ is independent of x and can be omit ted  in the 

following. 
With cons idera t ion  of (8), we can wr i t e  r e l a t i o n -  

ships (1)-(7) as fol lows:  

where 

= - -  alk Pk (x~) , (la) 
l = l  Y i  k = l  

~ 6,k~' alk. = Y,k, (2a) 
k ' = l  

n 2 ' 
f = l  

2 '  YI~ = ~~ - -  Pk  (xl) ,  (4a) 

alk = ~ G]~. Yl~, (5a) 
k ' = l  

2 1 alk = co1~ - -  K~ (x~), (6a) 
~=l gt 

e~k~" s~ 6 -~ M,  : Ikk' and s~ = - - ,  (Ta) 
/ i  - - / T ~  

1 
r 

In this notation the de te rmina t ion  of the r e g r e s s i o n  
curve  r educes  to the min imiza t ion  of the sum of the 
weighted squares  of the r e l a t i ve  deviat ions over  the 

e s t ima te  of alk. 
In p r o c e s s i n g  an extens ive  amount  of exper imenta l  

m a t e r i a l ,  we can save cons iderab le  work and t ime  
by a s suming  the m e a s u r e m e n t s  to be equal in a c c -  
racy .  This is the usual approach in p r o c e s s i n g  the r e -  
sul ts  of the rmophys ica l  exper iments  : the der iva t ion  
of the equations of s tate ,  the compi la t ion of tables  
for  the the rmophys ica l  p rope r t i e s  of ma t t e r ,  the de-  
t e rmina t ion  of v i r i a l  coeff ic ients ,  e tc .  [2-7] .  In this 
case  the p roce s s ing  is c a r r i e d  out on the bas i s  of 
Eqs.  (1)-(7) with w i = 1. This would be c o r r e c t  ff 
the absolute m e a s u r e m e n t  e r r o r  r ema ined  approx-  
ima te ly  constant  for each s e r i e s  of expe r imen t s  over  
the en t i re  in t e rva l .*  This is occas iona l ly  the case,  
but f requent ly  an e x p e r i m e n t - - p a r t i c u l a r l y ,  a t h e r -  
mophys ica l  e x p e r i m e n t - - i s  fo rmula ted  so that  it is 

~i(xi) r a t h e r  than Ay i that is kept approx imate ly  con-  
stant in the x in te rva l .  In this case ,  the p r o c e s s i n g  of 
the exper imenta l  data should be c a r r i e d  out in a c c o r -  
dance with Eqs.  ( la) - (Ta) ,  a s suming  that wli = 1. 

* We know that  a change in the weights  of the indi -  
vidual observa t ions  by a fac tor  of 2 to 3, as a ru le ,  
has v i r tua l ly  no effect  on the magni tudes  of the r e -  
g r e s s i o n  coeff ic ients  [8]. The re fo r e ,  Ay i need not be 
r igo rous ly  constant  in the x in terva l ,  but may vary  
s l ight ly.  Not only does such an approximat ion  not con-  
t r ad i c t  theory,  but it is jus t i f ied  by its ve ry  nature .  

This c i r cum s t ance  is not taken into cons idera t ion  
in the p r o c e s s i n g  of a the rmophys ica l  exper iment  
[2-7],  and thus e i the r  leads to e r r o r s  or  to an un-  
jus t i f iably  g rea t  i n c r e a s e  in the expendi ture  of labor  
and t ime,  and f requent ly  to both, s ince  in the p r o -  
cess ing  of data for  which we can a s s u m e  ~i ~ const 
on the bas i s  of Eqs.  (1)-(7) with w i = 1, unjust if iably 
smal l  weights a r e  a sc r ibed  to the low values of Yi' 
and the smal l  Yi have v i r tua l ly  no effect  on the m a g -  
nitudes ~fthe e s t i m a t e s  for the r e g r e s s i o n  coeff ic ients .  
This b e c o m e s  pa r t i cu l a r l y  apparent  in p roce s s ing  data 
in which y v a r i e s  marked ly  in the x in terva l  (p, p, and 
T a r e  functions given in the in terva l  p = 0 - p  = x, 

and Ps and T s a r e  re la ted) .  
Thus the authors  of [4] wr i te :  "In o rde r  to obtain 

approx imate ly  ident ical  e r r o r s  for  the approximat ion  
functions,  the values  of the a rgument  must  be spec i -  
fied nonuniformly,  i nc reas ing  the number  of points in 
the reg ion  of the smal l  values  of the functions.  In this 
case  it is imposs ib le  to p r e p a r e  tables  of orthogonal 
polynomials  in a d v a n c e . . .  " This difficulty could be 
avoided by c a r r y i n g  out the p rocedure  accord ing  to 
( la ) - (Ta) .  It is appropr ia te  at this point to note that 
in the approximat ion  of any tables  by means  of equa-  
tions it is genera l ly  n e c e s s a r y  fo r  the approximat ion 
function to re ta in  a ce r t a in  number  of t rue  signs over  
the en t i r e  in terval  of the a rgument .  If this app rox ima-  
tion is c a r r i e d  out by the method of l eas t  squares ,  the 
calcula t ion has to be c a r r i e d  out on the bas is  of ( l a ) -  

(7a) with c0fi = 1. 
In the work of Michels and his c o - w o r k e r s - - d e v o t e d  

to the calcula t ion of the v i r i a l  coeff ic ients  of CH2, H2, 
and D 2 on the bas is  of pp T data- - the  calcula t ion is c a r -  
r i ed  out by the method of l eas t  squares  on the bas is  of 
Eqs.  (1)-(7) with cw i = 1 [2, 3], whe reas  the ca lcu la -  
t ion should have been c a r r i e d  out on the bas is  of ( l a ) -  

(Ta) with c~li = 1. Since in the case  of low densi ty the 
points r ema ined  v i r tua l ly  without cons idera t ion  in the 
calcula t ion [2, 3], to obtain s table  values fo r  the e s t i -  
ma te s  of the v i r i a l  coeff ic ients  it became  n e c e s s a r y  to 
use  data for  higher  dens i t i es  and to employ polyno- 
mia l s  of higher deg rees  than was r equ i r ed  for this pu r -  
pose.  In this connection,  the authors  of [2, 3] had to 
c a r r y  out the ca lcula t ion on an e l ec t ron ic  digital  c o m -  
puter ,  doubling the number  of s ignif icant  p laces .  All 
of this r e su l t ed  in an unjust i f ied and substant ial  in-  
c r e a s e  in the expendi ture  of work and t ime,  including 
the amount of machine t ime.  It is c l ea r  that the authors 
of [2, 3] a l so  fa i led  to evaluate  the va r i ance  of the co-  
ef f ic ients  re l iab ly .  

Moreover ,  in connection with the fact  that number  
of exper imenta l  points on each i so the rm is l imited,  in 
the case  of low T the condition n >> m with r e spec t  to 
H 2 and D 2 [3] was disrupted,  making the method of 
leas t  squa res  inappl icable  to the p roce s s ing  of these  
exper imenta l  r e su l t s .  As a consequence  of this ,  at 
t e m p e r a t u r e s  T _< 138.16 ~ K, even the th i rd  v i r ia l  co-  
eff ic ient  for  H 2 was not de te rmined  re l iab ly .  On the 
bas is  of the data in [3], for  T _< 138.16 ~ K ,  it is inde- 
pendent of T. However ,  with p roper  p roce s s ing  of 
these  va r i ed  data on the basis  of ( la)-(Ta)  this phe-  
nomenon is not observed .  The de l ibe ra te  violat ion of 
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the condition n >> m in combinat ion with the co r rec t  
process ing- -which  is what we did--for  the 98.16 ~ K 
i so therm led to values of C(T) close to those obtained 
in  [3]. 

It should be noted that the co r rec t  evaluation of the 
we igh t  is pa r t i cu la r ly  s ignif icant  ff the es t imates  of 
the r e g r e s s i o n  coefficients a re  der ived after  p r o c e s s -  
ing of a theoret ical  in te rpre ta t ion  or if it is the in -  
tention to de te rmine  the der iva t ives  of the m e a s u r e d  
quantity with respec t  to x f rom the r e g r e s s i o n  curve 
or f rom the p a r a m e t e r s .  

Since the final ver i f ica t ion  of the equations of 
state der ived in [4-7] was ca r r i ed  out by compar i son  
agains t  exper imenta l  data per ta in ing  to the re la t ive  
deviations,  the e r r o r s  charac te r i s t i c  of p rocess ing  
procedures  using (1)-(7) with r i = 1 might apparent ly  
have become evident only in the de te rmina t ion  of the 
der ivat ives  of the the rmal  quanti t ies  and in the i n t e r -  
pre ta t ion  of the r e g r e s s i o n  coefficients .  

NOTATION 

Yi~ is the exper imenta l  value of the y function at 
point xi; Yi is the empi r ica l  mean  of i - th group of ob- 
servation" x i is the independent var iab le ;  co i is the 
weight of Yi; n is the number  of m e a s u r e m e n t s  at v a r -  
ious x; T is the t empe ra tu r e ;  p is the densi ty;  p is the 
p r e s s u r e ;  Ay i is the absolute e r r o r  in Yi; r is the 
re la t ive  e r r o r  in Yi" 
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